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1 Introduction

We want to understand quantum chaos, where chaos manifest itself in the statistical properties of our system.
To do this, let us consider a quantum system whose classical counterpart is chaotic: the quantum billiard.

2 Quantum rectangular billiard

Let us start from the simplest geometry: the rectangle, that is we want to solve the Helmholtz equation
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on a rectangular domain 2 of size L, x L, and Dirichlet boundary conditions ¢|go = 0. We can then compare
the numerical eigenvalues found with the analytical solution Fig. 1
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To perform the numerical computation, we first discretize the domain and then we build the Hamiltonian
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Figure 1: Comparison between numerical and analytical eigenvalues for the rectangular billiard. The red
line is y = .

matrix corresponding to the Laplacian operator using finite differences: we start from the 1D Laplacian with
step h
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from which we can build the tridiagonal matrix

-2 1 0 0
) 1 -2 1 0

A= 3 0o 1 =2 0 (4)
0 0 O -2

Then we obtain the 2D Laplacian using the Kronecker product

Vi A, @I, +1,® A, (5)

where I is the identity matrix of appropriate size. Finally, the Hamiltonian is given by H = —V2.

3 The Expansion method

Now we want to generalize our approach to different geometries, for example the Bunimovich stadium which
is a rectangle of length L and width 2R, capped by two semicircles of radius R.

To do this, we will introduce a more general method, called the Expansion method (EM) [I], to construct
the Hamiltonian that we want to diagonalize. The idea is to start from the rectangular billiard L, x L,, of
which we know the eigenvalues E,, ,,, and the eigenfunctions ¢, ,(z), which circumscribe our domain 2 as
shown in Fig. 2.
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Figure 2: Rectangle circumscribing our domain €.
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The

are an orthonormal basis:

that is we can expand any function ¥ (x) as

1/)(37) = Z cn,m¢n,m- (8)

Let us now change the notation so to simplify it: instead of using two indices n, m from 1 to N, we will use
a single index i from 1 to M = N2. The expansion of ¢ then reads

()= 3 eii(a). (9)
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Suppose now ¥ (x) satisfies the Schrodinger equation over the domain 2
Hi = Ev,

where the Hamiltonian H is the Laplacian plus the potential

V(x):{o, z e

oo, otherwise.

It is useful in this problem to slightly change the potential in the following way

0, z €
V(z) =< Vo> max{E,}), =z € Rect\Q
00, otherwise.

The region Rect \ © will also be called region II.
Substituting (9) we get

> (Hyj — Ebij) c; =0,
j
where

H;j = / dx ¢i(z)Hpj(x) = Eijdi; + Vovi,
Rect

and

Uij = /H d.%' <Z>Z(:v)¢](x)

So now the problem is to obtain the energies of the Hamiltonian.

4 Results for the Stadium

(12)

Let us consider a Bunimovich stadium, where the rectangle has length L, = 1, L, = 2. Consider, using our
previous notation, different values M = N? € 1600, 2500, 3600, 4900, 6400, then solving the problem for the

first k = 0.8M eigenvalues we obtain Fig. 3.
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Figure 3: Numerical energies for the Bunimovich stadium on the right, relative error

on the left.
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5 Unfolding the spectrum

The chaotic properties of a quantum system lie in its spectrum, however, because the system is quantum,
the lowest energetical levels are distant from each other, while the highest are next to each other. This mean
that before analyzing the spectrum, we have to perform a procedure, called unfolding, which normalizes our
spectrum into one with constant energy density p.

We can unfold the spectrum using the Weyl’s law [2, 3], which states that the average number of states N(E)
up to the energy E, in the 2D case, are given by

A L
Navg(E) = —E — E\/E +C, (16)

where A is the area of the billiard, L is its perimeter and C' is a constant.
We can now use this function to construct an unfolded spectrum e where

én = Navg(En) (17)
and calculate the spacings s of this spectrum
Sn = €p4+1 — €n. (18)

The chaotic properties then can be seen looking at the distribution of these spacings. In particular we want
to compare this histogram to two distributions: the Poisson

P(s) =¢e"", (19)
which is the theoretical distribution for integrable system, and the GOE distribution

P(s) = %Se—ﬂsz/‘*, (20)

which is the theoretical distribution for chaotic systems. In Fig. 4 we compare the histogram of both the
spacing for the Bunimovich stadium (left) and the rectangular billiard (right).
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Figure 4: Plot of the histogram of the spacings and the two distributions defined previously.

We can conclude that to truly distinguish between the distributions we have to go higher in number of points
M considered.



6 Discussion on the distribution

7 On the eigenfunctions of the stadium
By diagonalizing the Hamiltonian H Eq. (14) we get both the eigenvalues F,, and the eigenfunctions c§n).

For every energy E,, in fact, there is a corresponding eigenvector ¢(™ which is a vector of length M. These
eigenvectors are the coefficients of the expansion of our state ¢ Eq. (9), which we can now re-write as

Un(2) = 3 i) (21)

We can now plot the amplitude of the n-th state v, in an heatmap, as shown in Fig. 5.
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Figure 5: Heatmap of [1|? in the case of M = 4900, k = 0.8 M.

8 Results and conclusions

Despite the statistical properties of the eigenvalues do not clearly show a chaotic behaviour, this project
lays the foundations for some in-depth work in quantum chaos, as we have introduced the main tools (the
expansion method and the unfolding of the spectrum) to analyze a quantum chaotic system such as a
quantum billiard.
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